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Abstract

A semiparametric estimator based on an unknown density is uniformly
adaptive if the expected loss of the estimator converges to the asymptotic
expected loss of the maximum likelihood estimator based on the true den-
sity (MLE), and if convergence does not depend on either the parameter
values or the form of the unknown density. Without uniform adaptivity, the
asymptotic expected loss of the MLE need not approximate the expected
loss of a semiparametric estimator for any finite sample. I show that a two-
step semiparametric estimator is uniformly adaptive for the parameters of
nonlinear regression models with autoregressive moving average errors.

1. Introduction

I study a two-step semiparametric estimator for nonlinear regression models for
data that consist of observations z; = (y:,z}) in which the conditional mean
of a period-t one-dimensional variable y; is a known function h of period-t k-
dimensional variables x; and parameter vector 8 = (0, 8]) € R, Tt is assumed
that y; is related to z; and a period-t error e, as

Yt =h(l’t,ﬂ)+€t, (11)
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for all integers t. The error e, is assumed to follow a stationary stochastic autore-
gressive moving- average (ARMA) process of known order (p,q) with parameter
vectors p € RP and 6 € RY, such that both p, and 6, are not equal to zero. The
random variable that drives the ARMA process, u;, is assumed independent and
identically distributed (i.i.d.) with density g that is known only to be a member
of a family G. The value ¢, is related to past values of e; and to current and past
values of u; by the difference equation

P g
e = Z’D" et_i—i—ut—G—Zqut_j, (12)
i=1 j=1

for all integers t.

The researcher uses a two-step procedure to estimate ¥ = (3, p/,6') from a
T-period sample {y:, z,}L; with observed initial values (uj—qg, .., Ug, €1-p, -+, €0).}
The first step is to assume that g is normal and to construct a quasi-maximum-
likelihood estimator of ¢ from (1.1)-(1.2). The second step is to: first, construct
a nonparametric estimator of g from the residuals from the quasi-maximum like-
lihood estimator; second, use the nonparametric estimator of ¢ to construct es-
timators of the score for ¢ (the partial derivative of the true log-likelihood for
the T-period sample with respect to ¢) and the information matrix for ¢ (the
expected value of the outer product of the score), both evaluated at the quasi-
maximum likelihood estimator; and third, construct the two-step semiparametric
estimator as the sum of the quasi-maximum likelihood estimator with the product
of the estimators of the score and the inverse information matrix.

To judge the performance of such semiparametric estimators, relative to any
other estimators of ¢ based on the assumption that g is unknown, it is common
to compute the asymptotic expected loss of the estimators over neighborhoods
of the true parameter values and true density (henceforth, the truth). The min-
imum asymptotic expected loss that can be attained by these estimators is the
asymptotic efficiency bound. The asymptotic efficiency bound can be no less than
the asymptotic expected loss of the maximum likelihood estimator based on the
true density (hereafter termed the maximum likelihood estimator or MLE). If the
asymptotic efficiency bound is given by the asymptotic expected loss of the MLE
and if a two-step semiparametric estimator achieves the asymptotic efficiency
bound, then a two-step semiparametric estimator is asymptotically as efficient as
the most efficient estimator of i based on the assumption that g is known. In
this case, a two-step semiparametric estimator is uniformly adaptive.

To express the definition of uniform adaptivity symbolically, let f = f(-,%, g)
be the density for y;, where dependence of f on t is suppressed for notational
simplicity. Let ¥ and C denote neighborhoods of the true parameter values and
the true density, respectively, and let f7 = f(-, %7, g7) be a density in this neigh-

!Two-step procedures are commonly used to estimate nonlinear ARMAX models, see Harvey
[1981].
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borhood. (Throughout, superscript 7' denotes values in a neighborhood of the
truth (¢, ¢) defined for a T-period sample, and subscript T' denotes an estimator
based on a T-period sample.) Let [ be a continuous and bounded loss function
that takes i¢r as an argument and returns a nonnegative real number and let
Ju(¥, g) be the information matrix for ¢. The T-period sample expected loss of
a two-step semiparametric estimator @T if the unknown parameters and density
assume values in a neighborhood of the truth is Eyr {I[VT(¢r — 7))} The as-
ymptotic distribution of the MLE is Z* ~ N(0, 7,(¥,9)™"), so the asymptotic
expected loss of the MLE is E[l(Z*)].

Because the asymptotic efficiency bound can be no less than the asymptotic
expected loss of the MLE, convergence of Epr {I[vT (Yr—7)]} to E[I(Z*)] implies
both that the asymptotic efficiency bound is given by the asymptotic expected loss
of the MLE and that a two-step semiparametric estimator achieves the asymptotic
efficiency bound. Thus a two-step semiparametric estimator is uniformly adaptive
if

Epr{INT(Wr =)} — ENZ")). (13)
Because [ is continuous and bounded, (1.3) follows from the weak convergence of
the law of vT(tby — ¥7) to Z*, denoted vT (Y — ¥T) = Z* as T — oo for all
{(¥T,¢")} € ¥ x C where = denotes weak convergence.

Uniform adaptivity ensures that an adaptive estimator is robust to local per-
turbations in g. As Begun et al. (1983, p. 483) state uniform adaptivity “captures
the local uniformity that should reasonably be required of adaptive estimates when
g € G is unknown.” Local uniformity has an implication that is important for
applied work. If a two-step semiparametric estimator is uniformly adaptive and is
in a neighborhood of the true parameters and density, the finite sample expected
loss of the estimator is in a neighborhood of the asymptotic expected loss of the
MLE. If a two-step semiparametric estimator is not uniformly adaptive, however,
the asymptotic expected loss of the MLE need not approximate the expected loss
of a two-step semiparametric estimator for any finite sample.

Uniform adaptivity implies but is not implied by adaptivity. Proof that an
estimator is uniformly adaptive requires that one establish (1.3). Proof that an
estimator is adaptive (e.g. Bickel (1982), Kreiss (1987), and Steigerwald (1992}))
requires that one establish a condition that is similar to (1.3) but is weaker, in
that the expectation is taken only over neighborhoods of the true parameters and
not over neighborhoods of the true density.

I ask whether a two-step semiparametric estimator is uniformly adaptive. In
Section 2, I describe in detail a two-step estimator. Neighborhoods of the truth,
details of the loss function, and asymptotic efficiency bounds over the neighbor-
hoods are in Section 3. In Section 4, I prove that a two-step semiparametric
estimator for all parameters in a nonlinear ARMA model is uniformly adaptive if
the unknown density is symmetric about zero. Proofs of Lemmas 1-4 and Theorem
1 are contained in the appendix.
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2. A Two-Step Semiparametric Estimator

The first-step estimator, denoted v, is the quasi-maximum likelihood estimator
under the assumption that g is a normal density. The residuals from the first-

step estimator, {ut ?/)T)}tT p are needed to construct a nonparametric density
estimator. The equation for a period-¢ re81dual is obtained by first inverting
the moving-average polynomial 6(z) = Y.7_,6;27, where 6, = 1, to obtain an
autoregression of infinite order that has coefficients . Construction of a period-¢
residual from an autoregression of infinite order is difficult because it requires
an infinite number of past values of e;. To overcome this difficulty, a recursion
relating v to the coeflicient vector 8 is derived (a complete derivation is in the
appendix) that reduces the order of the autoregression so that a period-t residual
is a function only of data observable at period t:

t—1
= vileri—precai— - ~ Pp€t—p-i) Z Us Z OcYirs—k  (2.1)
i=0
The period-t residual from ) is obtained by replacing the values of {/, g.0,0'}
with {¥5, B, Pr, 05} in (2.1), where By, pp, and 6, are the elements of 7 that
correspond to 3, p, and 8, respectively, and 7, is the vector of coefficients from a
power-series expansion of (-7T(z)‘1.
The second step begins with the construction of a nonparametric estimator of
g, denoted §. The estimator § is a kernel density estimator defined for all v in a
neighborhood of each u;(1r) as:

T

au(u, ¥r) = (T = 1)7' S J(u — us(Pr); st),

st

where J (u) is the kernel and sy controls the degree of smoothing.?2 Let §i") =

0Ge/du, 6 (w, ¥r) /G (u u, Yr) = 7t(u,¥r), and let 7(w(yr), ¥r) = ﬁ(ut(wT)) and
§:(us(pr), ¥r) = Gelw(¥r)).2

The estimator is constructed from the sample score and information matrix
for ¢, denoted Sy(2zr,v¢,g) and Jy(2r,v,g), respectively, which depend on 7-
period sample, parameter value, and density function g. The sample score and
information matrix for ¢ (evaluated at 1/r) are estimated by

Seler, ¥r,§) =T 3 T 1Tt(ut(¢T))dt_(1/_)T),
Tz dr, §) = L(zr, br, §)Ty (21, Y1),

respectively, where Z(zr,¢r,§) = T L, #(w(dr))?, and Ty(zr,Pr) equals
7-1 ZZ:I di(r)d:(Pr) with di(dr) = 6—“{%‘”—) |z, and wu(¢) given by (2_1) To
ensure that these estimators are well behaved, extreme values of 7 (u,r) are

2The asymptctic distribution of the semiparametric estimator is independent of kernel choice.
3Throughout, functions superscripted by () are ith derivatives of the function.
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trimmed. That is, 7,(u, ¥r) equals " (u, ¥r)/d(u, ¥r) if: (1) e(w, ¥r) > dir;
(#4) Jul < Aor; and (#62) |98 (w, &r)| < Aards(u, ¥r), and #(u,dr) equals zero
otherwise. The parameters (Air, Aor, Asr) are trimming parameters.

For technical reasons I restrict attention to discretized estimators developed
by LeCam (1970). A discretized estimator, denoted 1%, is defined as the nearest
vertex to 1 in the c-dimensional lattice of integers scaled by T~3. The advan-
tage of using discretized estimators is that to derive the limiting properties of a
two-step semiparametric estimator I need fewer differentiability and boundedness
assumptions. Kreiss (1987) Lemma 4.4 proves that for any sequence of random
variables ar(-), if ar(¥T) = op(1) with ‘T% (wT - w)\ < ¢ for some constant

¢ > 0, then ar(2) = op(1) for any discrete T3 -consistent estimator 9.
The two-step semiparametric estimator is then

Ur = 04 + T75 [Ty (27,94, 9)] ™ Suler, ¥4, 9). (2.2)
To understand intuitively why the two-step semiparametric estimator is sen-
sible, consider a two-step estimator for which the T-period sample score and
information matrix are constructed under the assumption that g is normal. The
resulting estimator is consistent even if ¢ is not normal. The two-step semipara-
metric estimator retains this consistency and, because § converges pointwise to
g, is asymptotically more efficient than a two-step estimator that is constructed
under a fixed incorrect assumption for g.4

3. Asymptotic Efficiency Bound

The neighborhoods of the truth shrink as the sample size grows because it is known
that semiparametric estimators do not converge uniformly over neighborhoods
that are fixed independent of sample size. The neighborhood, ¥, of ¢ is the union
U = U, {¥(m)} of sets

U(m) = {¢"}:| VT(@T ~¢) —m|=0as T — oo},

where | - | is the Euclidean norm and m € R°. The elements of m conform in
dimension to v so that m = (mj, m/, mp)" .

As is standard, I use the square-root of the density in defining the neigh-
borhood of the true density to ensure that the derivative of the log-likelihood
with respect to the square-root of the density is square integrable.’ Let 7(u) =
gV (u)/g(u) and let 77(u) = gTM(u)/gT(u). The neighborhood, C, of g is the

4The two-step estimators that I consider take one step from the initial estimator. Of course,
the procedure could be iterated, leading to estimators that take more than one step from the
initial estimator. The first-order asymptotic theory is identical for these estimators, but the
finite sample performance may differ.

SBecause the density integrates to one, the square-root of the density, and hence the derivative
of the log-likelihood with respect to the square-root of the density, is square integrable.
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union C = U{C(s)} of sets

C(s) = {{g"} I V(g /3)=s llu— 0 and E [r(g") = 7(g)]" — 0 as T — oo},

where g7 € G and where ¢ is square integrable and is orthogonal to \/§.6

The continuous and bounded loss function [ is defined to be subconvex, that
is, that {z : I(z) < b} is closed, convex, and symmetric for all b > 0.

To derive the asymptotic efficiency bound over the neighborhoods of the truth,
I make the following three assumptions. The first two assumptions restrict the
parameter space and function space over which ¥ and C are defined. Let v € B C
R, with ¢ = dim(v), and partition B as By x By where 8 € B; and (p/,8') € B,.
Let the lag polynomial p(z) be p(z) = 3F_, p;z', where py = 1. Let w € R°® and
let A(c) = {w: w'w < ¢}. Finally, let Sy (¢, 9) = limr_o ESy (21,%,g) and let
Jw (’d}y g) = hmT—>oo ij (ZTa 1217 g)

Assumption 1:

a) By 1s a compact subspace of R**1,

b) By is a subspace of RP*? and the elements of By satisfy:
p(z) #0 and 6(z) #0 for all] 2 |< 1;
p(z) and 6(z) have I as their greatest common left divisor.

Assumption 2:

a) forallge G, g¥ € G, g and g* are mutually absolutely continuous.
forallg e gG:

b) g is absolutely continuous with respect to Lebesque measure v.

c) g(u) >0 for allu € R

d) Z(g) = Jlg™ (w)]*/g(u)du < co.

e) limy, o f[7(u — w) — 7(u)]?g(u)du = 0.

f)limyow™ [lr(u - w) — 7(u)lg(u)du = I(g).

9) lime_osup o w™ [ 7(u+ w)g(u)du = —I(g).

h) g is symmetric about zero.

Remark: Assumption 1b ensures that the ARMA process for e, is station-
ary and invertible with no common roots in lag polynomials. Assumptions 2d-
2g are smoothness restrictions on g(-) of the “quadratic-mean differentiability
type”. Lind and Roussas (1977) relate quadratic-mean differentiability condi-

5T use || - [luand || - | to denote the norms in £2(v) and £2(u), respectively, where £2(v) and
L2(p) are spaces of square-integrable functions with respect to the measures v and u.
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tions to Cramér-type conditions; the latter are pointwise derivative conditions for

Ing(-). Although Kreiss (1987) is able to relax the assumption that g(-) be sym-

metric about zero for autoregressive models, Manski (1984) shows that for models

of the type I consider Assumption 2h cannot be relaxed. Specifically, unless a free

intercept is included in the conditional mean, adaptivity requires Assumption 2h.
The third assumption restricts the density f.

Assumption 3:

a) f is absolutely continuous with respect to Lebesgue measure .
b) f(-,¢,-) >0 for allT € {1,2,...} and ¥ € B.

¢) f(,90,) # (.91, ) whenever at least one element of 1y does not equal
the corresponding element of 1.

d) /T is Hellinger-differentiable at (v, g).

Remark: Assumption 3d ensures that f 7is asymptotically quadratic over local
neighborhoods of the truth. To understand Hellinger-differentiability, note that
Assumption 3d is implied by the following two conditions, The first condition,
which restricts the temporal dependence introduced by the ARMA error, is that
I \/T(\/—ﬁ— \/?;) lu,— 0 as T — oo, where fT = f(-,aT, g7) is the density for
i defined as §; = o” 4 u;. The second condition, which ensures that the density
fT is differentiable with respect to both the parameter vector and the density for
ug, is that there exists a function A, the score for «, that is square integrable, and

there exists a bounded hnear operator S, on the set of square-integrable functions
such that, with fT = f(-,a7,¢7) and f = f(-, e, g):

VAT = VF - (A (07— ) + 8 (/o = y3)) I
[o —a |+ 4/g" = /5 .
as T — oo for all sequences a? — « and \/F — /g in L3(v) where g7 € G.
To combine the local neighborhoods of the true parameter values and the true

density into a neighborhood of f, note that if f7 is Hellinger-differentiable at
(¥, g) and {(¥7,g7)}r>1 € ¥(m) x C(s) for some m € R° and ¢ € L*(v), then

I VT(/FT = /) = alla— 0, (3.1)

as T — oo with a € £2(u) and @ = Sm +S¢, where the square-integrable function
S is the score for 1. Let H = {a € L*(u) : a = Sm + S¢ for some m € R° and

— 0,

"I separate the assumptions on f(-, ) and 9(-) because the regressors are assumed to be
weakly exogenous rather than fixed (Assumption 4a), so the distribution for y; is not a simple
transformation of the distribution for u,.
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¢ € L%(v)}. For a € H, let F(a) be the collection of all sequences {f7} such
that (3.1) holds. Let F = U,{F(a)}. The local neighborhood of f is given by
FI() = {fT € F: VT | T = VT lus e}

An immediate consequence of Hellinger differentiability of /f is that the log-
likelihood ratio over local neighborhoods of the truth, defined for a sample of T'
observations as

fO(ul—qa vy UD, €1—p) --+y €0 wT»gT) fT(yla ooy yT)

IT=In
fo(ul—-qa .oy Uy E1—p; "'760;w,g) f(yla -~ny)

, (3.2)

is asymptotically normal. That is, the log-likelihood ratio is locally asymptotically
normal.

Lemma 1. If Assumptions 1-3 are satisfied, then the log-likelihood ratio defined
in (3.2) is locally asymptotically normal.

Computation of the asymptotic efficiency bound also depends on Hellinger
differentiability of fz. Because f 7 is Hellinger-differentiable at (1, g) and each ¢
that satisfies the definition of C{<) is square integrable, Theorem 3.2 from Begun et
al. (1983) implies that the asymptotic efficiency bound for estimators of ¢ based
on the assumption that g is unknown (the estimators are generically denoted as
'l,bT) is _

lim lim inf sup Ex{I[VT(r —v7)} > E{I(2)}, (3.3)
70T gr fTeFT(e)
where Z ~ N(0,V (¥, 9)7%).

From (1.3), a two-step semiparametric estimator @ﬁT is uniformly adaptive if
it attains the asymptotic efficiency bound (3.3) and if V (¢, g) = Jy(¢, g), where
Ju(,g)7? is the covariance matrix of the asymptotic distribution of the MLE.
To understand the role of the condition V (¢, g) = Jy (¢, g), note that parametric
estimators do not make use of information about ¢ contained in the unknown
density; this information equals the population projection of Sy(,g) onto the
tangent set, 7. The tangent set consists of the scores for all possible unknown
densities, so it consists of functions of u, because each S is a function of u.® Let
Ry,(1,g) be the vector of residuals from the population projection of Sy(v,g)
onto 7. Then Ry(1,g) represents the information about 1 contained onmly in
the parametric part of the specification, so V(¢,g) = Ry(v¥,9)Ry(¢,9)". If the
population projection of Sy(,g) onto T is zero, the unknown density contains
no information about 1, so Ry (¥, g) = Sy(¥, g) and V (¥, g) = Ty (¥, g). Thus if
Sy (1, g) is orthogonal to 7, then V (¢, g) = Jy(¥, g) and the asymptotic efficiency
bound is given by the asymptotic expected loss of the MLE.

8Formally, the tangent set is the mean-square closure, over all possible underlying densities,
of the set of linear combinations of § that conform in dimension to S.
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4. Uniformly Adaptive Estimation

To provide sufficient conditions for @T to be uniformly adaptive I begin by proving
that 17 is regular. Specifically, 47 is regular if

T2 (Y — ) — Ty (9, 9) " Sy (2,9, g) = 0p(1). (4.1)

The proof that Ur is regular uses the following assumptions on the conditional
mean, the moments of u;, and the nonparametric density estimator. Let hg) be

the derivative of h with respect to g;, let hgzgj be the derivative of A with respect
to G; and §;, and let M} be a (k+ 1) x (k + 1) matrix.

Assumption 4:

a) {z:}I_, is weakly ezogenous for .

b) h(-,8) is twice continuously differentiable with respect to B for all 8 €
B;.

)T 1YL, hgi)(:vt+s,ﬁ)hg]_) (1, 8) — M;; for eachi,j € (0,...,k) and every
integer s as T — oo uniformly in 8 € By, where Mj; — 0 as s — oo.

d) max; T‘%h(ﬁ%l(m, ) — 0 for each | € (0,...,k) as T — oo uniformly in
8 € By.

e) [hV(2, B)] < €1 + ¢z Jzl.

£) iy SUPE i2f ¥ @i < 00.
g) ‘;’—ﬁhgl)(xt,ﬂfp)\ < dj + dy|z4| for each l € (0, ..., k) uniformly in T.
h) E[w] =0, Euf] >0, Efuf] < co.

Remark: Assumptions 4c-4f ensure that the nonlinear conditional mean
function satisfies conditions for consistent estimation of the covariance ma-
trix (note that %, | 7¥ |< oo from Lemma 6.1 in Kreiss (1987)). Note
that the regressors do not have to be fixed according to Assumption 4; they
need only be weakly exogenous. Assumption 4e allows specifications of the
form y, = By + Bz} + e;. For this specification z; = 2 and A(:,-) is a linear
function.

The fifth assumption restricts the nonparametric density estimator.
Assumption 5:

a) J(-) is twice continuously differentiable.

b) (87, Mir, sTA3r) = 0, (Aer, Asr) — 00, s7*Aar = o(T), and s% = O(F)
as T — oo.
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Remark: The last two conditions in Assumption 5b are the result of the de-
pendence that arises because both d;(-) and §:(-,-) are functions of {u:(-)}%.;.

To prove that a two-step semiparametric estimator is regular, I require the
following three lemmas.

Lemma 2. If Assumptions 1-5 are satisfied and ¥& is a discrete T3 -consistent
estimator of i, then

I(zr, 91, 9) — Z(g) = op(1)and Ty(2r, ¥7) — Ty(4) = op(1),

so that Jy(zr, ¥, §) is a consistent estimator of Jy (1, g).
The third lemma establishes consistency of the semiparametric score.

Lemma 3. If Assumptions 1-5 are satisfied and % is a discrete T2-consistent
estimator of ¢, then

Sw(ZT,@Z"fmg) - Sw(zTaJ}%ug> = OP(]')'

The next lemma establishes asymptotic linearity.

Lemma 4. If Assumptions 1-5 are satisfied, then
Ty, 9)TH (B = ) + Sylzr, P, 9) = Su(or,v,9) = op(1),

with YT = ¢ + T=3m for any m € RE.
With these preliminary lemmas, I prove that a two-step semiparametric esti-
mator is regular.

Lemma 5. If Assumptions 1-5 are satisfied, then the two-step semiparametric
estimator Yy defined in (2.2) is regular.

I now prove that local asymptotic normality of the log-likelihood ratio and
regularity of @T are sufficient for @T to be uniformly adaptive.

Theorem 1. If Assumptions 1-5 are satisfied, then the two-step semiparametric
estimator ¥y is uniformly adaptive for nonlinear ARMA models of (1.1)-(1.2).

Remark: To understand why a two-step semiparametric estimator is adaptive
for the model of (1.1)-(1.2), note that because G is a family of densities that
are symmetric about zero under Assumption 2, S is an even function of u; so 7
consists of even functions of u;. Also because G is a family of densities that are
symmetric about zero, 7(u;) is an odd function of u;. Therefore 7(u,) is orthogonal
to 7, so the projection of 7(u;) onto 7 is zero. Because the remaining component
of Sy(v,g) is independent of u;, Sy (¢, g) is orthogonal to 7 and the asymptotic
efficiency bound is given by the asymptotic expected loss of the MLE.
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5. Conclusion

For the parameters of a nonlinear regression model with ARMA errors, I estab-
lish the minimum asymptotic expected loss for a semiparametric estimator. The
asymptotic expected loss is constructed over neighborhoods of the true parameter
values and the true density. Because the minimum asymptotic expected loss of
a semiparametric estimator is equivalent to the asymptotic expected loss of the
MLE, the semiparametric estimator is uniformly adaptive.

ACKNOWLEDGMENTS

I thank Zari Rachev and an anonymous referee for helpful comments.

References

[1] Begun, J., W. Hall, W. Huang, and J. Wellner. (1983) Information and as-
ymptotic efficiency in parametric-nonparametric models. Annals of Statistics
11: 432-452.

(2] Bickel, P. (1982) On adaptive estimation. Annals of Statistics 10: 647-671.

(3] Billingsley, P. (1968) Convergence of Probability Measures. New York: John
Wiley and Sons.

[4] Fabian, V. and J. Hannan. (1982) On estimation and adaptive estimation for
locally asymptotically normal families. Probability Theory and Related Fields
59: 459-478.

[5] Héjek, J. and Z. Sidék. (1967) Theory of Rank Tests. New York: Academic
Press.

[6] Harvey, A. (1981) The Econometric Analysis of Time Series. Oxford: Philip
Allan Publishers.

[7] Kreiss, J. (1987) On adaptive estimation in stationary ARMA processes.
Annals of Statistics 15: 112-133.

[8] Kreiss, J. (1987) On adaptive estimation in autoregressive models when there
are nuisance functions. Statistics and Decisions 5: 59-76.

[9] LeCam, L. (1970) On the assumption used to prove asymptotic normality of
maximum likelihood estimators. Annals of Mathematical Statistics 41: 802-
828.

[10] Lind, B. and G. Roussas. (1977) Cramér-type conditions and quadratic mean
differentiability. Annals of the Institute of Statistical Mathematics 29: 189-
201.



17:15 16 June 2011

Downl oaded By: [CDL Journals Account] At:

404 STEIGERWALD

[11) Manski, C. (1984) Adaptive estimation of non-linear regression models.
Econometric Reviews 3: 145-194.

[12] Steigerwald, D. (1992) Adaptive estimation in time series regression models.
Journal of Econometrics 54: 251-275.

[13] Steigerwald, D. (1996) Uniformly adaptive estimation for models with ARMA
errors. Manuscript. Department of Economics. University of California, Santa
Barbara.

A. Appendix

To derive the formula for the residual given in (2.1), note that from the definition
of the ARMA error

w=014+6L+ -+ OQLq)‘l(et — P1€t—1 — * * PpCt_p), (A1)

where L is the lag operafor Under Assumption 1, for each (, 6) € Bs there exists
an 7 > 1 such that 8(z)™! = 32, v%z2", with v = 1, for all | z |< 1. Replace
9(L)~* with 32; %L in (A.1) and note that 3-5_q pjer_; = Yfoo Oxtie—x:

Z%L’ Z pies—; + Z%L’ Z Orts_p. (A.2)

=0 =t
The power series coefficients =y satlsfy the recursion
Yi + 01%io1 + s+ 0% =0, (A3)

for all ¢ > 0 where~, = 0if s < 0, which in turn implies that Zs -0 u_s Sh—0 Ok Virs—k

PR v L' i _o Oxue—- Replacing 3772, YL =0 Okus—x with Zs_o Us Dgmo Ok Ve
on the right-hand side of (A.2) yields (2.1).
In Steigerwald (1996) it is shown that

ur () — ue () =
(W - w)'i%r”t(@ﬂ) +Op(T) = —{d (7' [Ty (. 9)T) 2mr + Op(T)}, (A.4)
=0

wherevt(w) (WD (@i, BT) = TE_, pTRG) (2emicgs BT), - .. B (we—s, BT)—

‘? 1 pfhﬂk (:L't 1—]7B ) €t—i— l(wT>a y Et—i q(w ) Ut—i— 1(¢ ) y Upmi~ q(¢ )]
In the proofs that follow: I, is ‘rhe ¢ X ¢ identity matrix; >, denotes vT ,; and
—7¥ denotes convergence in probability.

A.1l. Proof of Lemma 1

Because f% is Hellinger-differentiable at (1, g), the densities f and f7 satisfy
(3.1). The result then follows from Lemma 2.1 in Begun et al. (1983). O
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A.2. Proof of Lemma 2

Let Jy(1,9) = T()Ty(¥), where Ty () = B [£2 T2 %101 ()vn (4)']. T first
show that Z(z7,¢%,§) — Z(9) = T7' 5, #(w(¥$))? — Z(g) = op(1). If 97 is
the true value, then {7(u;(¢T))}:>1 are independent and identically distributed
random variables, so T~ ¥, 7{u(¢7))? — I(g) = 0p(1). By Lemma 4.1 in Bickel
(1982) T7!' %, 7(w(v7))? — Z(g) = op(1). Because L7 is locally asymptotically
normal (Lemma 1), convergence with (7, g) as true values implies convergence
with (1, g) as true values. Finally, by Lemma 4.4 in Kreiss (1987) I replace 97
With)l/—}% in T 5, 7w (¥7))*~Z(g) = 0p(1), yielding T=1 ¥, F1(w, (¥4))2 —Z(g) =
OP(]. .

I next establish that 77! 3, d;(¢%)d; (%) — Ty (1) = 0p(1). The vector dy (%)
is partioned such that the first k¥ + 1 components (for 8) are of the form

P

1
dg.( Z%T () mt—HlBT Z jTh‘ﬁl Li— ’L—J?ﬁT) )

j=1
the next p components (for p) are of the form
= _
Yg) = Z’_YiTet—i—j(lszdr)
=0

and the last ¢ components (for 6) are of the form

do, (V%) = ZW?TUt—i—kw%)
=0

Kreiss expression (6.11) establishes convergence for the last p + ¢ components of
d;(¢T) (Lemma 6.1 in Kreiss is necessary for the result). Under Assumptions 4e

and 4f the behavior of hg)(zzt_i, BT =8, Pl h (xt i~i, BT) is restricted so that
by Lemma 6.1 from Kreiss {dg,+(¥7T)}:>1 forms a convergent sequence. Hence
the result for the last p + ¢ components of d;(yT) is preserved for the first k + 1
components of dy(1)T), which are the components corresponding to 3, so by Lemma

4.4 from Kreiss 771, d,(¥%)d, (¥2) — Ty () = op(1). T

A.3. Proof of Lemma 3

By definition F H.S’w(zT, YT, §) — Sy(ar, zDT,g)“2 equals

' (T—l {Zt dt(Q/)T> [ﬁ (Ut(wT» -7 (Ut(wT))]}/ {Zt dt(¢T) {7‘3 (Ut(wT)) -7 (Ut(ZDT))”)
=55 T E{E, dy(¥7) [ﬁ (7)) = 7 (w(wT))]}2

Theorem 5.1 in Kreiss establishes that T E{Y, dy; (¢/T) [ﬂ (ut(wT)) -7 (ut(wT)H 12
=o0p(1) for j = k+2,...,c. To ensure that this result holds for j = 1,...,k+ 1,
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2
I need only show that Sg { T3 97 [AS (@e-i, 87) — S0y pTRG) (@imis, 87)] }
is bounded uniformly in ¢. As shown in the proof of Lemma 2, Assumptions 4e
and 4f ensure that Y/23 7 [hgl)(xt_i,ﬂT) -0 pjrhgl)(a:t_i_]-,BT)] is bounded
uniformly in ¢ because k is fixed independently of ¢. Thus
R 2

E||Sy(er, ¢, 8) = Su(er, 07, 9)| = 0p(1),

50 by Lemma 4.4 in Kreiss

Sy(zr, ¥4, §) — Sy(zr, ¥%,9) = op(1).

a

A .4. Proof of Lemma 4
Observe that jw(?l},g)T%(d—}% - ¢) + Sw(ZT, '(Z%’g) - ST#(ZTa ¥, g) equals

Qw(zTa i}’%) - Qw(zTa 10) + Yw(zTa 1;%‘)5
where I use the notation

Qw({TﬂZ’(Ji") = IT_% Zt{T(ut(}Z}%))dt(}zj%) — Blr(us(¥$))de(¥4) | Ferl},
Yy(zr, %) = T72 LA Elr(u(¥5))de(¥5) | Fi1] = Elr(we(¥))de(¥) | Fe—1l}

+‘7¢(w7 g)T% (w%‘ - 'Lp>a
with F;_y = o{zs, 2,1, z1-2, . . .}. By construction Lemma 4 follows from
Qu(2r,¥3) = Qulzr, ¥) = op(1), (A.5)
and ~
Yy (21, ¥7) = op(1). (A.6)
Proof of (A.5). I first show that
Qulzr,¥") — Qu(zr, ¥) = op(1). (A7)

Let (7)) = T(w(W?)d(¥T) = Elr(w(¥T))d(¥T) | Fial, so Quler,y7) =
T73 %, q(¥T). Because {q:(¢¥T) — q:(¥)} is a martingale difference sequence con-
ditional on F;_1,

2

E | Quler 4") = Quler,w)| =T ZZE [25(¥7) — a;(¥)]

Kreiss Lemma 6.4 establishes that T-!' 3, E [qtj(wT) - qtj(w)]z = op(1l) for j =

k-+2,...,c, which are the components of q;(¥/") — g;(%) that correspond to p and
6 (Lemma 6.1 in Kreiss is necessary for the result). Under Assumption 4g it is



Downl oaded By: [CDL Journals Account] At: 17:15 16 June 2011

UNIFORMLY ADAPTIVE ESTIMATION 407

the case that | h(1 (s, B7) — hg (216, 8) |<] BT ~ B | (dy +da | 21—, |), so by
Lemma 6.1 from KIGlSS the result for the last p+ ¢ components of ¢, (¥7) — g,(v) is
preserved for the first k41 components of g,(¥7)~—g,(¢), which are the Components
corresponding to 8. Thus Qy(zr, YT) = Qy(zr,¥) = 0p(1), so by Lemma 4.4 from
Kreiss Qy (27, ¥¢) — Qu(zr,¥) = op(1).

Proof of (A.6). I first show that

Y¢(ZT7 ¢T) = OP(l)-
Because g is symmetric about zero
E[r(ui(y))de(v) | Fea] = 0.

For notational convenience, let wy, = dy(¥T)' [Ty (¢, 9)T) " 2myr (recall (A.4)), so

E [T(uth))dt(wT) | ft—J T3 Zdi / (u+wry)g(u)du +op(1), (A.8)

=T7' 3 d(Wh)d (7)Y Tu (¥, g)_%mT[wT,t]—l / 7(u+ wre)g(u)du + op(1),

which is bounded by (recall that A(c) = {w : w'w < ¢}, so as T — oo, wr; €
Alc)):

1Zdt YT (W, g)ymr sup w™t | 7(u+ w)g(u)du + op(1).

From the definition of 47 it follows that J, (v, g)T2(y7 — ¥) = Jy(¥, g)imy
so

Yylor, 7)) < T71 20 de(97)d($7) T (¥, glmr sup p w™ [ 7w+ w)g(u)du
+Ju(¥, g)2mr + 0p(1).

For large values of T (T — oc) and small values of ¢ (¢ — 0):
Yolzr, 97) < TS d (WT)de (W7 Ty (4, 9) " 2mer(—=Z(g)) + Tu (¢, 9) imp +0p(1),
t

by Assumption 2g. By Lemma 2:

Yw(ZT’wT) S _jw(wag)j‘w(wyg)(_imT + jw(wvg)%mT + OP(l)
= 0op 1).

By Lemma 4.4 from Kreiss Yy (27, 9%) = op(1).

A.5. Proof of Lemma 5

To show that 7 is regular, I use (2.2) to rewrite the left-hand side of the regularity
condition (4.1) as
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T, 9)T3 (0 =) + Ty (¢, 9) Ty (21, 0, §) " Sy(2r, ¥4, §) — Suler, ¥, 9). (A9)

Because the functional 7, () is strictly positive, Lemma 2 implies that (A.9) equals

To(0,9)T% (0% — ¥) + Sy(2r, 9%, 3)(1 + 0p(1)) = Sy(ar, ¥, 9). (A.10)
By Lemma 3, (A.10) equals
jw(ﬁb,Q)T%(@% - w) + Sw(valz’LIi("v.)g)(l + 0P<1)) - Sw(zTa ¢,g), (A].].)
= 0p 1 y

where the last equality follows by Lemma 4. @

A.6. Proof of Theorem 1

To prove Theorem 1, I prove that regularity of Yr is sufficient for ¢r to be
uniformly adaptive. By Lemma 5, ¥ is regular, that is

T3 (Pr ~ ¥) = Ty (¥, 9) 7' Sy(zr, ¥, 9) = 0p(1). (A.12)
From the definition of ¢7:
[Ty, 9)T1E (br = ¥7) = [Ty (0, )TV (b — ¥) — mr,
so regularity of ¢¥p implies that
[Ty, 9)TV2 (b = 47 = Ty, 9) 728y er, ¥, 9) ~ mr = 0p(1). (A1)

From Lemma 1, L7 is locally asymptotically normal, so that convergence in (A.13)
with (1, g) as true values implies convergence under the assumption that (7, g7)
are true values. As a result, (A.13) implies that

[Ty @7, g TP (r — ¥7) = Tu(w”, g") 72 Sy(ar, w7, g7) —mr = 0p(1). (A.14)
From Lemmas 4.2 and 4.3 in Fabian and Hannan (1982)
jw(wTag)—%Sw(ztva’g>—mT = N(07 IC) (A15)

Because 77(u) —% 7(u) (from the definition of C(c) in Section 3) and because
both Sy(,,-) and J,(:,-) are continuous with respect to 7(u) (note that both
Sy(+,-,+) and Jy(-,-) are linear in 7(u) and 7(u)?, respectively) it follows that

jw(¢T7 QT)_%Sw(ZTa ¢T7 gT) - jil)(wTa g)—%Sib(zTa wTv g) = OP(I)' (A16)
Together (A.15) and (A.16) imply
Jw(d)TagT)—%Sw(zTﬂ/)T,gT) —mr = N(Oa IC) (A]‘?)
Together (A.14) and (A.17) imply
(7o (0", g")T]3 (dr — ¥7) = N(O, L),
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and consequently that

T3 ({r - 7)) = N(0, Ty(eb,g) ™) (A.18)

for all (7, 97) € U xC.
Because [ is a continuous and bounded loss function, (A.18) together with
Theorem 5.2 from Billingsley (1968) imply

Eer (L (VT(r —w")] = B11(2")], (A.19)

for all (¢T,¢T) e ¥ xC. O



